We prove that for every homogeneous and strongly locally homogeneous Polish space X there is a Polish group admitting a transitive action on X. We also construct an example of a homogeneous Polish space which is not a coset space and on which no separable metrizable topological group acts transitively.
Introduction
In this paper we are, among other things, interested in interesting topological spaces X that admit an action of an interesting topological group G. Since the action is usually required to be transitive, the topological spaces X we are mostly interested in are homogeneous. That is, for all x, y ∈ X there is a homeomorphism f : X → X such that f (x) = y. For a homogeneous space X its group of homeomorphisms H(X) endowed with the discrete topology acts transitively on X. But the discrete topology is not interesting. The compactopen topology on H(X) is better but only works well if X is compact (or if X is locally compact, by using its Alexandrov one-point compactification).
We were motivated by the Effros Theorem on actions of Polish groups on Polish spaces (Effros [8]; see also [2] , [14] and [25] ). This theorem implies among other things that if G is a Polish group that acts transitively on a Polish space X, then X is a coset space of G. Hence, as observed by Ungar [36], every locally compact separable metrizable homogeneous space is a coset space. Ford [11] gave an example of a homogeneous space that is not a coset space but his example is not metrizable. In [24] , a separable metrizable σ-compact space was constructed that is not a coset space but on which some separable metrizable topological group acts transitively. This left open the question whether every homogeneous Polish space is a coset space, preferably of some Polish group. This is related to Question 3 in Ancel [2] . He asked whether for every homogeneous Polish space X there is an admissible topology on its homeomorphism group H(X) which makes X a coset space of H(X).
If H is a closed subgroup of a topological group G, then G acts transitively on the coset space G/H = {xH : x ∈ G} and the natural projection map π : G → G/H is open. If G acts transitively on X, then the closed subgroup G x = {g ∈ G : gx = x} of G is called the stabilizer of x ∈ X. It is wellknown, and easy to prove, that G/G x is homeomorphic to X if for every open neighborhood of the neutral element e of G and for some x ∈ X (equivalently: for every x ∈ X) we have that U x is open. If the action has this property, then it is called micro-transitive. So for a space X to be a coset space it is necessary and sufficient that there is a topological group G acting transitively and micro-transitively on X. The Effros Theorem implies that if both G and X are Polish and the action is transitive, then it is micro-transitive.
The main result of this paper is the construction of the following example.
Theorem 1.1: There is a homogeneous Polish space Z with the following property. If G is a topological group acting on Z, then there are an element z ∈ Z and a neighborhood U of the neutral element e of G such that U z is meager in Z.
So an arbitrary homogeneous Polish space X need not be a coset space, since no action on Z by a topological group is micro-transitive. This answers Question 3 in Ancel [2] in the negative.
A topological group G is called ℵ 0 -bounded provided that for every neighborhood U of the identity e there is a countable subset F of G such that G = F U . It was proved by Guran that a topological group G is ℵ 0 -bounded if and only if it is topologically isomorphic to a subgroup of a product of separable metrizable groups. For a proof, see Uspenskiȋ [37] .
